A prenova model, consisting of a white dwarf unstably burning a shell of accreted hydrogen, was tested for stability against radial pulsations. The pulsational analysis included terms due to thermal imbalance. The model was found to be pulsationally unstable in all of the modes examined, save one in which the thermal-imbalance integrals made the crucial damping contribution. An evaluation of some uncertainties in the present analysis is followed by a more general discussion in which it is concluded that multimodal radial pulsational instability can occur in a wide variety of thermally unstable, shell-burning stars. A brief discussion of some consequences of such instability, including its possible connection with the rapid blue variables, concludes the article.
I. INTRODUCTION
It has been argued by Rose (1967 Rose ( , 1968 that stars experiencing thermal runaways in burning shells may, under certain circumstances, become unstable to nuclearenergized pulsations in the fundamental radial mode. The pulsational analysis employed by Rose was the standard quasi-adiabatic one (e.g., Schwarzschild and Harm 1959) , and, as pointed out by Simon (1970) , it neglected terms arising from the condition of thermal imbalance (dSo/dt i= 0) in the models investigated. Subsequently, a procedure (also quasi-adiabatic) for taking account of such terms was suggested (Simon 1971) , and was then applied to a number of poly tropes (Simon 1971; Simon and Sastri 1972) .
. In the present work this same procedure is employed to treat radial pulsations in a prenova model of the sort described in Starrfield et al. (1972) . This model (henceforth the S101 model) is found to be pulsationally unstable, not only in the fundamental but also in many higher modes, with the thermal-imbalance terms playing an important though (with one exception) not yet decisive role. Some of the implications of multimodal radial pulsational instability, especially as regards the rapid blue variables, are discussed in the final section.
II. THE MODEL
A model for novae presently favored by a number of investigators (e.g., Rose 1968; Starrfield 1971 a, b) consists of a binary star system in which one member, a white dwarf, accretes hydrogen-rich matter from its companion. When enough matter has been accreted, the hydrogen begins to burn in a shell near the white dwarf's surface, a thermal runaway ensues, and eventually some or all of the accreted matter is ejected in an outburst whose observable effects constitute the nova phenomenon. Important details in this class of model differ with different investigators, but, as it is not our purpose in the present work to study the origins of novae, we shall make only such brief comments in this regard as seem appropriate.
The model we treat here (S101) is a 1 M0 white dwarf including an outermost envelope consisting of 1.3 x 10-3 M0 of accreted material. The envelope is burning hydrogen unstably via the eNO cycle, but the thermal runaway is in an early enough stage that hydrostatic equilibrium, as measured by the ratio a/g, is maintained to at worst a few parts in 1011. Virtually all of the nuclear energy production occurs in a relatively narrow convective shell situated at the base of the envelope. This shell is strongly in thermal imbalance.
The model had been evolved to its present state via a fully implicit, Lagrangian, hydrodynamic computer code (see Starrfield et al. 1972) whose requirements, as reflected in the model structure, posed some difficulties for the pulsational analysis. In the first place the white-dwarf core, which was uninteresting for the problem of Starrfield et al. (1972) , but which nonetheless comprises nearly all the mass of the object, was not included. Although this core, as it turns out, also contributes virtually nothing to the pulsational stability integrals, integrations extending deeper than the shell were found to be necessary in order to determine the eigenvalues of the pulsation. Accordingly, a polytropic interior was fitted to the envelope model, thus furnishing the interior runs of P, p, and r necessary for integrating the adiabatic pulsation equations. The index of the appropriate poly trope turned out to be n = 1.66, not too different from the value n = 1.5 corresponding to a fully degenerate, nonrelativistic gas. Some model characteristics are given in table 1.
A second problem with the pulsational analysis had to do with the relatively crude zoning in the outer layers of the S101 envelope. This sort of zoning, while appropriate for the demands of a large hydrodynamic code, can cause some difficulties in integrating the pulsation equations, particularly when the higher modes are involved. To remedy these difficulties, quadratic interpolation was performed among the given points in the envelope model, thus providing a denser grid of envelope physical variables (i.e., a smaller step size) against which the pulsation equations could be integrated.
Nuclear burning in the S101 model is quite unusual in that the eNO cycle is far out of equilibrium and fJ+ -unstable nuclei begin to accumulate in the peak burning region and are subsequently mixed throughout the convective shell. The effect of this mixing is to extend the nuclear energy generation outward into regions that would normally be too cool for the equilibrium eNO cycle to operate effectively. Furthermore, the decay of these nuclei provides an energy source independent of temperature and density and thus not susceptible to influence by the pulsation nor available as a source or sink of pulsational energy. For these reasons the following procedure was adopted. The part of the nuclear energy emitted via fJ-decays, En, was subtracted at each point in the shell from the total· nuclear energy generation rate E given in the model, the difference Eeff = E -En being taken as the appropriate quantity to enter calculation of the energizing integral in the pulsation analysis. Since convection mixes the fi + -unstable nuclei uniformly through the shell, En is constant and was The quantity Ep amounts to less than 2 percent of the peak nuclear energy generation rate deep in the shell. Finally, for the purposes of the pulsational analysis, the effective energy generation rate was fitted to the formula.
with K and Veff constant, the latter having the value 13.1. The error in this fit was totally negligible throughout the region where nuclear reactions make any appreciable contribution to pulsational energizing.
III. THE PULSATIONAL ANALYSIS
The pulsational analysis employed in this work is based on the so-called" energy method" (e.g., Ledoux 1958), and has been discussed in detail by Simon (1970, 1971) and Simon and Sastri (1972) . In this approach the pulsational stability of a given mode is determined by evaluation of the sum of a number of integrals:
where Se and SLr are the linear variations in the nuclear energy generation rate Eeff and in the luminosity, respectively; and, in accordance with the notation introduced in Simon (1972b) , P*l is the linear relative density variation and P*o the surviving time-averaged (over the pulsation period) relative density variation. (Note that these were called p* and (Spjp), respectively, in Simon 1971.) Labeling these integrals in order, we have
The first two terms on the right-hand side constitute the usual quasi-adiabatic evaluation; the last three terms are due to thermal imbalance. A positive value of Lp/L indicates pulsational instability; a negative value, stability. Expressions for P*l and P*o are given explicitly in Simon (1971) . For the present model we have taken r3 -1 = 0.667, and (p2j2T){03UjoSOp2) = -0.111. These values are appropriate (Simon 1970) both for an ideal gas with negligible radiation pressure and for a fully degenerate nonrelativistic electron gas. All relevant regions of the model we are treating fall into these thermodynamic classifications. Table 2 gives the square of the dimensionless angular frequency, w 2 , for the fundamental and the next seven modes, as well as the values of various pulsational quantities at the surface of the model and in the shell region of peak nuclear burning. The quantity l*l{rad) is just the relative first-order variation of the radiative luminosity, calculated from linearization of the equation of radiative transport and assuming a constant opacity; lu{turb) is the relative variation of the convective luminosity and is given by (1) an expression taken from Boury, Gabriel, and Leboux (1964) , according to a scheme in which convection does not adapt to the pulsation. For the convective region in consideration here, the ratio of the convective to the sound velocity nowhere exceeds about 0.005. Finally, x* is just the relative linear radius variation and u* the surviving time-averaged component (Simon 1971; Simon and Sastri 1972) . All pulsational amplitudes are normalized to a value x*(sur) = 1.0.
The pulsational stability of the various modes is indicated in detail in table 3. The periods are what one expects for a white-dwarf configuration, and, as can be seen, all of the modes tested, save one (the fourth overtone), turn out to be unstable.
The behavior of the integral 11 is interesting here since for the first four modes it does not fulfill its traditional role as a damping term but instead contributes to the pulsational energizing. We may understand this behavior with the aid of an integration by parts, putting the integral into the form
Since f(shell)l.f(sur) = 5.26 x 10 8 , while lu and P*1 fall off (even for the highest modes calculated) by at most a factor ,...., 10 2 from surface to shell, one sees that, contrary to the familiar case, the integrated term in the above expression is negligible, and the sign of II will thus be determined by the sign of the product 1*1 8(p*I)/8m in the narrow shell region of peak luminosity. Because the sign of this product is itself determined by the specific form taken by the individual eigenfunctions 1*1 and P*l for each mode, it seems only possible to say that in a model such as this one, II may play either an energizing or a damping role for a given mode, an actual calculation of the eigenfunctions involved being necessary to determine its sign. The values of II given in table 3 are all calculated by taking 1*1 = 1*I(rad}. We shall say more about this later.
One may compare the results of the present work with those of Rose (1967 Rose ( , 1968 ) in which II is a damping term for all models evaluated. The reason for this discrepancy lies in the coml'arative mildness of the thermal instability in Rose's models, the ratio f(shell)/f(sur) never exceeding tv 10 4 • Returning to table 3, one observes that for the first few modes the nuclear energizing Nl far outweighs all other terms, while for the higher modes the balance is closer. In all cases the terms arising from thermal imbalance (12' J 2 , and K 2 ) are negative, in agreement with Simon and Sastri (1972) , and their combined effect always provides the major portion of the damping. For the one stable mode the thermal-imbalance terms are themselves large enough to provide the necessary damping even though II is also a negative term. The fact that this mode is stable is due to the comparative smallness of Nl occasioned by the fact that a node in P*1 lies relatively close to the peak region of nuclear burning.
Finally, one may note, again from table 3, an apparent trend toward stability appearing in the two highest modes. Because of this we have calculated one more mode, the eighth overtone, which turns out to. be more unstable than the previous two, exhibiting no tendency that we can notice toward stabilization.
IV. DISCUSSION
We wish to begin this section by pointing out that the conclusions we shall eventually draw from this work will be cautious and tentative ones; it is not our purpose to offer the pulsational properties of this particular model as specific explanations for various observed phenomena whose relationship to radial pulsations mayor may not eventually be demonstrated.
With the above in mind we shall proceed with an attempt to evaluate som.e of the inadequacies in the calculations described in § § II and III. First with regard to the fitting of a polytropic core to the envelope model S101, we consider that the difference between our results and those which could be obtained with a true evolutionary white-dwarf interior would consist merely in small changes in the eigenvalues of the pulsation-the eigenfunctions and thus the stability integrals would remain essentially unchanged in the qualitative and semiquantitative senses of whether one has stability or instability and in the rough pulsational rise times of the various modes.
The above evaluation also applies, we believe, to the effects of interpolation in the envelope model. No doubt the lack of a careful treatment of the surface layers of the model renders the pulsational analysis somewhat crude, particularly with regard to the higher modes; however, we can detect no systematic error in this, and no reason to call into question the conclusion that many higher modes appear to be pulsationally unstable.
Similarly our treatment of the pulsational effects of nuclear burning does not seem to contain inherent problems. The use of the quantity EefC to eliminate the ,B-decays in evaluating Nl is quite consistent and logical. The thermal-imbalance integrals, on the other hand, were calculated employing the true nuclear energy-generation rate E. Since it is the peculiarity of this model that the energy generation extends somewhat V. K. SASTRI AND NORMAN R. SIMON Vol. 186 farther out toward the surface than would be the case if the CNO cycle were in equilibrium, one might think that the thermal-imbalance damping would be somewhat enhanced compared with a more ordinary case. However, as one begins dealing with the higher modes, location of a source or sink of pulsational energy somewhat closer to the surface loses to a great extent its usual advantage, since the shell is already in a region interior to the precipitous initial fall-off of the eigenfunctions, and the amplitude of a given mode in the shell region depends mainly on where the nearest node happens to appear. A more serious problem involves our evaluation of the integral II using the radiative amplitude 1*I(rad), since we have already noted that virtually the entire contribution to 11 comes from the shell region which is convective. In the S101 model the approximation has been made that within the convective region all of the flux is carried by convection, while outside of it none is. The result is, of course, a discontinuity which does not allow a proper treatment of 11 in this region. For purposes of comparison we have calculated 1*1 (turb) at the shell, according to equation (1). As one can see from table 2, in most of the cases 1*I(rad) and 1*I(turb) have comparable values, although in one case in particular (overtone 6) the difference is considerable. Of course, neither of these quantities is itself the proper one to insert into 11 and it is possible that our use of 1*I(rad) underestimates the value of 11> a quantity which begins to become important as we go to higher modes. Thus, for example, a marginally unstable mode like the sixth overtone could possibly be stabilized by a stronger 1 1 , However, in view of the above noted facts that the sign itself of 11 shows no definite observable trend and that this integral does not seem to make a dominant contribution, at least for most of the modes calculated, once more we believe that there is no systematic error here that would negate our finding of many unstable modes.
By far the most serious uncertainty in the present work lies in our evaluation of the pulsational effects of thermal imbalance. No investigator has yet demonstrated conclusively that the energy approach initiated by Thomas (1931) , elaborated in Ledoux (1958) , and further developed by Simon (1970; and Simon and Sastri (1972) is the correct one. A somewhat different approach (Kato and Unno 1967) , but still based on an energy method, was applied to a poly trope of index n = 1.5 by Okamoto (1967) . His results for the thermal-imbalance contribution agreed to within about 4 percent with those reported in Simon and Sastri (1972) for the same poly trope. However, in a very recent work (Cox, Hansen, and Davey 1973) in which a method involving direct linearization of the pulsation equations (e.g., Ledoux 1963) was employed, a far different result was obtained for the n = 1.5 model, the discrepancy with the earlier results amounting to 30 or 40 percent, and the only agreement being in sign. A discussion of these differences is given in Cox et al. (1973) .
Furthermore, even ifone takes the energy approach (Simon 1971) to be correct, a problem still exists regarding the proper manner in which to evaluate the integral K 2 , a quantity which depends upon pulsational terms which are intrinsically of second order. The iterative technique for the calculation of such terms (Simon 1972a ) depends upon the assumption that linear analysis of a given model has revealed one and only one unstable mode. In the case of thermal imbalance, however, the" linear analysis" itself involves (via K 2 ) terms intrinsically of second order. Were we to perform this analysis disregarding K 2 , we would still find many unstable modes, calling into question our subsequent method of evaluating K 2 • Given these circumstances, we have proceeded in the only manner presently possible-namely, calculating the stability of each mode independently of the others, including evaluation of the integral K 2 • Clearly, if we have made a substantial error in calculation of the pulsational effects of thermal imbalance, either because of deficiencies in the energy method or because of improper evaluation of K 2 , then systematic changes in our results are possible, particularly and most importantly as regards the higher modes.
The development of a proper, proven, and generally agreed upon solution to the thermal-imbalance problem represents, in our opinion, an important frontier in the theory of stellar pulsations.
v. CONCLUSION AND POSSIBLE OBSERVATIONAL CONSEQUENCES In this section it will be our purpose not so much to discuss the results of our calculations on the specific model S101, but rather to speak in a more general way concerning radial pulsations in stars burning nuclear fuel unstably in a thin shell near the stellar surface.
The model we have evaluated has, in addition to some of the properties discussed in an earlier section, yet another quite important characteristic-namely, its extremely rapid evolution time. In less than 7 hours, the peak rate of nuclear energy generation will have risen to a value of the order of 10 13 ergs g-l s-l, an increase by a factor greater than 100. Shortly thereafter the nova outburst will begin. Since a glance at table 3 shows that the shortest pulsational e-folding time calculated for any of our modes is a few months, it becomes clear that the rise of "soft" pulsations here is impossible. Thus for a model such as this one, soft pulsations cannot be evoked as a medium for storing nova outburst energy (e.g., Rose 1968), nor can the rise of these pulsations affect in any way the evolution of the model toward outburst.
Considerably more interesting from our point of view are thermally unstable shelIburning models, in which the instability is less violent and the evolution times longer, and which perhaps never reach the ferocity necessary to trigger the nova phenomenon. On the basis of the present work, of an investigation reported by us earlier (Simon and Sastri 1973) , and of previous papers by Rose (1967; 1968) and Vauclair (1972) , and taking into account the uncertainties raised in the previous section, it is our considered judgment that multimodal radial pulsational. instability can occur in a wide variety of thermally unstable shell-burning stars.
In this connection, we believe it probable that Rose (1967 Rose ( , 1968 would have found pulsational instability in higher modes than the fundamental in a number of his models, had he looked for it; and that Vauc1air (1972), who does not make it clear whether a thermal runaway is present or not in his hydrogen-accreting white dwarfs, may also have found pulsational instability beyond the first overtone. Let us briefly consider, then, a white dwarf which has accreted a hydrogen shell (or perhaps a single star which has a helium shell) and burns it unstably in such a way that a number of radial pulsational modes become excited. We shall here assume that e-folding times for the pulsations are short enough compared to evolution times (as is marginally achieved for the fundamental mode in models of Rose 1967 Rose , 1968 , and should be more easily achieved for higher modes) such that the amplitudes may grow to finite size. The unstable modes will now presumably interact, coupling in some time-dependent manner, such that energy is constantly flowing out of some modes and into others. The time scale for such coupling is not known, the only reasonable estimates presently available being the linear rise times of the various modes. It is possible that such a system eventually relaxes into a steady-state configuration (as seems to be the case with certain Cepheid-type pulsators which are linearly unstable in more than one mode [Christy 1966] ) in which each mode on the average neither gains nor loses energy; on the other hand, this sort of relaxation may never be achieved within evolutionary time scales (the possibility of such a condition existing is made plausible by the behavior of the "mixed mode" model in Keeley [1970] ). Existing literature on coupled nonlinear oscillations (e.g., Jackson 1963) does not seem adequate to provide insight into the stellar problem.
Furthermore, for those cases in which amplitudes are large and e-folding times reasonably rapid, one may also be confronted with a sort of pulsational backlash in V. K. SASTRI AND NORMAN R. SIMON Vol. 186 which the secular evolution of the star is itself influenced by the pulsations, thus rendering inaccurate evolutionary calculations which ignore the pulsational instability. This is another subject which has received little attention in the literature. We shall close this article with a few remarks regarding the so-called rapid or ultrashort-period blue variables. A brief summary of some of the literature concerning these objects appears in Osaki and Hansen (1973) . The stars lumped together under this classification actually constitute an extremely diverse menagerie ranging from old novae like DQ Her , to dwarf novae like Z Cam (Robinson 1973) , to X-ray sources such as Sco X-I (Robinson and Warner 1972) , to white-dwarf-type objects like R548 (Lasker and Hesser 1971), etc. If they all have anything in common, it seems to consist of a rapid flickering on time scales ranging from a few tens of seconds (e.g., Z Cam) up to perhaps 1000 seconds (e.g., HL Tau-76; Warner and Robinson 1972) . Furthermore, the kinds of variability run from the quite regular 71-s period of DQ Her, to the multi periodic behavior of Z Cam and HL , to what appears to be an aperiodic jittering in the light of Sco X-I. In addition the amplitudes of variation in these objects show a wide diversity, with the variation of Z Cam being only ",0.001 mag whereas HL Tau-76 attains an amplitude as great as 0.4 mag (Warner and Robinson 1972) .
A number of models for the rapid blue variables have appeared in the literature, with recent emphasis on nonradial oscillations as the seat of the variability (e.g., Harper and Rose 1970; Warner and Robinson 1972; Osaki and Hansen 1973) . It is not our purpose here to analyze or discuss any of these models. However, on the basis of the present work, we would like to emphasize that radial pulsations may well have a role to play in some of the ultrashort-period variables, either as a direct source of the variability or as a contributing mechanism.
Although the radial pulsation periods found for S101 are too short to match even the quickest of the observed periodicities (e.g., 16-19 s for Z Cam [Robinson 1973 ]; 24-25 s for CN Ori [Warner and Robinson 1972] ), a number of the models of Rose (1967; 1968) show periods of just this order. Furthermore, in the case where two or more higher modes with extremely short (;S 1 s) and close periods become unstable, detection of the underlying periodicities becomes more and more difficult while the possibility emerges that much longer modulation time scales may arise.
A still more speculative proposition is that where the instability is multimodal and unrelaxed (in the sense of a constant energy transfer among modes), the time scale one observes might, again, not be the underlying periodicity but rather that involved in energy flow from one mode to another. Since any in real physical (i.e., nonlinear) pulsation, the mean stellar parameters (the average being taken over a pulsation period) are amplitude and shape dependent (e.g., Simon 1972b), a transfer of pUlsational energy from one mode to another will in general include a slow shift in mean properties of the star-for example, in the light. Whether or not such shifts could take place in times as short as, say, minutes, corresponding to the variability of an object like HL Tau-76, is a question we are unable at present to attack. Pulsational analysis, both linear and nonlinear, of a diverse collection of shell-burning models seems advisable at the present time if we are to get a better idea of the possible role played by radial pulsations in the ultrashort-period stars.
